We study numerically and analytically spatial properties of the ground state of a fundamental string in the light-cone gauge. We find that strings are smooth and have divergent average size. Their properties are very different from what is expected from particles in a conventional field theory.
Introduction
String theory was originally invented to describe hadrons [l] .
Ultimately this idealized mathematical theory. of hadrons failed, due in part to the inability to couple strings to the external local fields, such as the electromagnetic field. The reason for this failure is the infinity of normal mode zero point fluctuations spreading the string over all space [2] . In this paper we will examine in detail the spatial properties of fundamental strings. We will also speculate on how they compare with the strings of large-N,,l,, gauge theory [3] . W e will be particularly interested in the following characteristics of the ground state of the fundamental string:
1. The average size of the spatial region occupied by the string;
2. The average length of the string;
3. Is the string smooth on small scales or does it exhibit rough or fractal-like behaviour?
4. How densely is space filled with string?
In order to answer these questions and to provide some intuition we have constructed a numerical method for generating 'snapshots' of the ground state of the string. For that purpose we use the exact wave function of free string in the light-cone gauge to generate a statistical ensemble of strings. In fact we find that the overwhelming majority of the ensemble have similar qualitative features. The 'snapshots' are shown in section 2 and their important features are discussed. In particular we find that both the average length of string and the average size of the region occupied by the string are infinite. The relationship between the two divergences is such that string actually packs the space densely. We also find that the string is microscopically very smooth, with no tendency to form fractal structure on small scales. The quantitative meaning of the above statements will be provided later.
In section 3 some analytic derivations are given to substantiate the qualitative findings of section 2. In section 4 we explain the physical meaning and measura-2 bility of the divergence in the size of the string. We also speculate on the possible qualitative differences between the fundamental strings and the strings of large-N COlOT &CD.
Snapshots of Strings
In the light-cone gauge, the transverse coordinates of the string are free fields with mode expansions X"(o) = XE, + x(X: cos(na) + iQ sin(n0)) (
The wave function for each transverse coordinate in the ground state of the string has the product form (dropping the superscript i) Q (X(4) = n ( cp2 eXp(-Wn(X,2 + X:)/4)) P-2) n with wn = n. Squaring this gives a probability distribution for the transverse position of the string. To carry this out in practice it is necessary to truncate the mode expansion at some maximum wave number N. This is one of the ways of introducing a cut-off in the parameter space of the string. Passage to the continuum limit is achieved as N + 00.
Another cut-off procedure can be defined where string is replaced by 2N + 1 We find the following qualitative features:
1. Slow growth of the occupied region with N. In the next section we will show that the growth is actually logarithmic.
2. The plots of total string length vs. N appear to be linear. In the next section we will show an analytic derivation of this effect.
3. The transverse curvature averaged over the string appears to be approximately independent of the cut-off. In the next section we will show analytically that the expectation value of curvature is completely cut-off independent. 4 4. The growth in length with increasing N is achieved by repetition of similar smooth structures. In fact, a piece of string of given length at N = 20 looks similar to a piece of the same length at N = 10, (cf. Fig. 5 ).
5. The slow growth of the occupied volume together with the linear growth of length means that there is a strong tendency for the string to pass through the same small region many times. It is obvious that, as the cut-off is removed, the string fills space densely: there is a point on the string arbitrarily close to any point in space.
In order to elaborate on point (4) and show that no 'accidents' occur as we proceed to high values of the cut-off we have plotted the section of the string confined between cr = 0 and 47r/N for N = 20 and N = 500 ( figure 6 ). The remarkable similarity between the two can be qualitatively regarded as a statement of conformal invariance in our approach.
All the above features, except for (3), can also be observed with the discrete regularization of the string. In figure 7 we show a typical picture at N = 50. It is important to note that, as more and more discrete points crowd the a-axis, the string never becomes continuous in space. In section 3 we show that, as N + 00, the average distance in space between each pair of neighboring points approaches a constant. This, of course, is responsible for the linear growth of the total length.
Thus, all the important information about the spatial properties of string can be obtained in the regularization where the string never becomes continuous in space.
This fact will be essential for treatment of strings in discretized space. Since there is no preferred point on the closed string, we can arbitrarily set r~ = 0.
It follows that the rms volume of the transverse region occupied by string -(log N) 9.
-To find the dependence of average length on the cut-off, we start with As shown in figure 3 , the data for any given run agrees well with this linear dependence. This shows that the standard deviation is small compared with the average length.
It is also interesting to study eqn. Denoting IZll = a we find the probability distribution 
Discussion
One may wonder whether any of the strange effects described in the previous sections are observable. In particular, the infinite rms radius seems very unphysical.
However, it does lead to an observable effect. Consider scattering of a high-energy string from a string at rest. The interaction is mediated by string exchange. In the light-cone frame of the fast string of energy E the lifetime of the interaction is of order r = l/E. Oscillations with frequency > l/r average to zero. Thus, we retain a number of modes N E. This introduces mode cut-off and gives an observable particle radius -,/ii. As the resolution is improved, the string 'expands'.
This phenomenon leads to the well-known Regge behaviour of scattering cross--sections satisfied by the dual amplitudes. [2] Th us the effect is indeed observable and presents no obvious difficulty for scattering of strings by strings.
On the other hand, imagine that the string is being scattered by a local external field. This situation is analogous to the electromagnetic probing of hadrons. In this case the interaction is instantaneous and therefore the string must appear infinite. It is precisely for this reason that the fundamental strings cannot be consistently coupled to arbitrary external fields. That is why they are either a theory of everything or of nothing.
Let us speculate now on how the fundamental strings might differ from the large-N,,l,, QCD strings. Our results indicate that the fundamental strings are smooth. This should be contrasted with the expected behaviour of QCD strings.
In the limit NcOlor + 00 Migdal and Makeenko derived an exact lattice string equation [3] . If QCD had an ultraviolet fixed point then the string would be microscopically self-similar. QCD being asymptotically free is likely to make strings even rougher.
Another difference between the QCD and fundamental strings involves the spa- 
